Coupling of a membrane and a five-brane to the bosonic sector of D = 11 supergravity is considered. The five-brane is a dyonic object which carries both an electric and a magnetic charge of the D = 11 three-form gauge field A 3 , and it couples not only to A 3 but also minimally couples to a six-form field A 6 dual to A 3 . This implies that the 5-brane should more naturally couple to a version of D = 11 supergravity where both gauge fields are present in a duality-symmetric fashion. We demonstrate how an action of duality-symmetric D = 11 supergravity looks like, couple it to the five-brane and then reduce the resulting system to an action, which describes an interaction of the 5-brane with the standard D = 11 supergavity.
5-brane should more naturally couple to a version of D = 11 supergravity where both gauge fields are present in a duality-symmetric fashion. We demonstrate how an action of duality-symmetric D = 11 supergravity looks like, couple it to the five-brane and then reduce the resulting system to an action, which describes an interaction of the 5-brane with the standard D = 11 supergavity.
In this talk I would like to present results obtained in collaboration with Igor Bandos and Nathan Berkovits [1] on studying the coupling of D=11 supergravity to a membrane and a 5-brane, the extended objects which constitute a part of what is understood under the name of M-theory. These results generalize and complete earlier work on this subject done by de Alwis [2] , and, in fact, are an extension to M-theory of a classical work by Dirac [3] on coupling monopoles to electromagnetic fields.
The problem is to find an action which would describe D = 11 supergravity and M-branes as a closed dynamical system. The membrane and the 5-brane are charged objects with respect to a three-form gauge field A (3) M N P (x) (M, N, P = 0, 1, ..., 10) which, together with a graviton field g M N (x) and a gravitino field Ψ α M (x) (α = 1, ..., 32) form the supermultiplet of D = 11 supergravity. The action of this theory was constructed twenty years ago by Cremmer, Julia and Scherk [4] and has the following form
(1)
It contains the kinetic term of the A (3) -field constructed from its four-form field strength
, and the Chern-Simons term, the Einstein action for the graviton g M N (x) (g 11 = det g M N ), the kinetic term for the gravitino Ψ α M and terms S int describing selfinteraction of the D = 11 supermultiplet. Since below, we will deal with the bosonic part, and, in particular, with the field A (3) part of the action, S int has not been written in an explicit form. I.e. we shall put Ψ α M to zero everywhere. A reason for this is that a consistent supersymmetric description of D = 11 supergravity and super-M-branes as a closed interacting system is still lacking. We shall return to the discussion of this problem in Conclusion. As to the bosonic sector, the problem of coupling has been solved. D = 11 supergravity described by the action (1) can be regarded as a "free" supergravity theory, since all of its fields are of a supergauge or geometrical nature, and the right hand side of its field equations does not contain any matter sources. And for a long period of time it was believed that no matter exists in eleven dimensions except for supergravity itself. Now we know that D = 11 matter does exist in a form of membranes, 5-branes and waves (D = 11 superparticles) (see, for example, [5] for a recent review). The latter we shall put aside since M-waves do not carry three-form field charges being the main concern of the present discussion.
A membrane can be easily coupled to the A (3) -field [6] by adding to its worldvolume action a corresponding minimal-coupling term:
where the first term in the membrane action is an integral over worldvolume M 3 of the membrane, whose metric g mn ≡
is induced by embedding into D = 11 curved space-time, the D = 11 three-form A (3) is pulled back into M 3 , and T 2 is a membrane tension associated with a membrane's "electric" charge which can be regarded as a source for the A (3) -field. Indeed, if we consider the sum of the D = 11 supergravity action (1) (with Ψ α m = 0) and the membrane action (2) , and vary the full action with respect to A (3) , we get the gauge-field equation of motion which contains the membrane current on its right-hand side:
where the A (3) -field equations are written in terms of differential forms, * denotes the D = 11 Hodge-duality operation, and
is the membrane current. Together with the equation of motion eq. (3) also contains the Bianchi identity for F (4) which implies that the latter is an external derivative of A (3) .
Thus, we see that the coupling of a membrane to the bosonic sector of D = 11 supergravity causes no problem. The situation with 5-brane coupling is much more complicated. The 5-brane is a dyonic object, since it couples to both the A (3) field and its dual six-form field A (6) .
On-shell duality between A (3) and A (6) is established by relating their field strengths in such a way that for the field A (6) the equation of motion and the Bianchi identity in (3) exchange their roles. In the absence of membrane sources (i.e. when J (3) = 0) the duality relation is
where F (7) is the generalized seven-form field strength of A (6) . From this duality relation it follows that the Bianchi identity and the equation of motion of the field F (7) have, respectively, the following form:
These are nothing but the original equations (3) (with J (3) = 0) rewritten in a form which explicitly includes the dual field A (6) .
A Wess-Zumino part of the 5-brane worldvolume action, describing minimal coupling of the 5-brane to the A (3) and A (6) field, was constructed by Aharony [7] using a requirement that the Wess-Zumino term must respect local gauge symmetries
of the duality condition (5). The Wess-Zumino action looks as follows:
where A (6) (x(y)) and A (3) (x(y)) are the pullbacks into the 5-brane worldvolume M 6 of the 6-form and the 3-form D=11 gauge field, T 5 is a 5-brane coupling constant with respect to these fields, and B (2) mn (y) (m, n = 0, 1..., 5) is a two-rank gauge field living in the worldvolume of the 5-brane.
Supersymmetry in the 5-brane worldvolume induced by its embedding into D = 11 superspace requires that on the mass shell the field strength of B (2) must satisfy a selfduality condition. At a linearized level this condition is the standard one:
where
is an extended field-strength of B (2) containing the pullback of the D = 11 3-form field, and g 6 (x(y)) is the determinant of an M 6 -metric g mn induced by embedding into D = 11. Due to the presence of this self-dual field B (2) in the five-brane worldvolume the complete action for the five-brane remained an open problem until an essential progress has been made by Perry and Schwarz [8] and in [9] in understanding how the two-form field is incorporated into the action, and the complete κ-symmetric action for the 5-brane propagating in D=11 superspace was constructed independently in [10] and [11] . In addition to the Wess-Zumino term (8) this action has another two terms which, being restricted to the bosonic sector, have the following Born-Infeld-like form:
where the vector v p = ∂pa(y)
is a normalized derivative of a scalar field a(y). This scalar field ensures worldvolume covariance of the construction. It is completely auxiliary and can be gauge fixed by use of an available local symmetry in such a way that ∂ p a(y) becomes a constat vector. Then manifest d=6 invariance of the self-dual action is lost 3 .
As a main consequence, the action (8)+(10) yields the equation of motion of the field B (2) which at a linearized level reduces to the self-duality condition
Refs. [9, 10, 11] for details).
Because of the direct coupling of the 5-brane to the 6-form dual field A (6) in the Wess-Zumino term (8), we cannot just take a sum of the 5-brane action (8) + (10) and the standard supergravity action (1) for a consistent description of a closed supergravity -5-brane system, since the supergravity action does not contain A (6) .
To couple the standard formulation of D = 11 supergravity to a 5-brane, one should replace the A (6) field in the Wess-Zumino term with another (nonminimal) term containing the A (3) field, but, a priori, it is difficult to guess the form of such a term. So to solve the problem we choose a way around. The strategy is the following [2, 1] : i) to construct a new formulation of D = 11 supergravity, which contains both the A (3) and A (6) -field in a symmetric way, ii) to couple this duality-symmetric action to the 5-brane action, iii) and finally to eliminate the field A (6) from the system by using an algebraic part of its duality relation (5) with A (3) . At the end one should get a new form of the 5-brane
Wess-Zumino term which does not contain A (6) .
This programme has been fulfilled in [1] , where a complete, locally supersymmetric, formulation of D = 11 supergravity with both gauge fields was constructed, and its bosonic sector was coupled to the 5-brane.
A relevant gauge-field part of the duality-symmetric D=11 supergravity action looks as follows:
It contains the Maxwell terms for both the A (3) and the A (6) field, the gauge-invariant term F (7) ∧ F (4) , which coincides with the Chern-Simons term −A (3) ∧ F (4) ∧ F (4) up to a total derivative, and two additional terms, which contain the 4-form tensor
and its 7-form dual * F (4) . These last two terms contain also a vector
being a normalized derivative of an auxiliary scalar field a(x). It turns out that for consistent coupling this duality-symmetric action to the 5-brane, the worldvolume auxiliary field a(y) in (10) must be the pullback of the D = 11 field a(x), i.e. a(y) = a(x(y)). The action (11) produces the duality condition (5) for A (3) and A (6) as a consequence of their equations of motion. A local symmetry of (11) which ensures the on-shell duality relation is given by the following transformations
where ϕ (2) (x) and ϕ (6) (x) are, respectively a 2-form and a 3-form parameter.
The five-brane action (8) + (10) possesses an analogous symmetry under
We must respect the symmetries (12) and (13) when couple the D = 11 action and the 5-brane action together. And this is a reason why the worldvolume scalar field must be the pullback of the D = 11 auxiliary scalar. But this is not the only thing to do. For the coupling to be consistent with the symmetries (12) and (13) one should further modify the D = 11 action, and here a classical work of Dirac [3] on the generalization of the Maxwell action in the presence of monopoles provides us with a way of reaching the goal. The Dirac idea consists in the following. A gauge field associated with magnetically charged objects, such as four-dimensional monopoles, or the D = 11 5-brane, intrinsically possesses a nontrivial topological structure, which can be described by an unobserved, so called Dirac's, string stemmed from the point-like monopole. It appears in the theory to solve the problem of modified Bianchi identities for the gauge field strength. The Bianchi identities acquire a magnetic current on their right hand side. For instance, the coupling of a D=4 Maxwell field to a point-like dyon with an electric charge e and a magnetic charge g is described by the following Maxwell equations
where j n (x) = dx(τ )δ(x −x(τ )) is the dyon current and τ is its proper time. Due to the magnetic source dF = 0, and hence, the gauge field strength is not anymore just an external derivative of a vector potential A m , but a tensor of the formF = dA − * G, where a two-rank tensor G mn (x) is related to the magnetic current through the condition
A solution to this equation is
where the integral is taken over a two-dimensional worldsheet M 2 of the Dirac string stemmed from the dyon to infinity. The boundary of M 2 is the dyon worldline. A physical meaning of the Dirac string is that a magnetic flux runs out of or towards the magnetic particle to infinity along the string. The action which yields the Maxwell equations (14) and equations of motion of the dyonic particle is
Note that the dyon minimally couples to A m only through its electric charge, since the potential dual to A m (x) has not been involved into the construction of the action (16) . The magnetic interaction of the dyon is only through the Dirac string. In a duality-symmetric form the Dirac action was reformulated in [15, 16] . Now let us apply the same idea to the dyonic 5-brane. In this case the analogue of the Dirac string is a six-dimensional object (a Dirac 6-brane) which is ended on the 5-brane. The Dirac 6-brane is described by a D=11 7-form having the following properties:
where the integral is taken over a 7-dimensional worldvolume M 7 of the Dirac 6-brane whose boundary is the 5-brane worldvolume ∂M 7 = M 6 , and J (6) (x) is the 5-brane current.
As we have learned from the example of the D = 4 dyon, the prescription of Dirac for coupling magnetically charged p-objects is to extend the field-strengths of gauge fields with corresponding (p + 2)-forms. In the D = 11 case the proper extension is:
where the H (3) field strength (9) of the 5-brane should be understood as formally extended to a 3-form in D = 11. The action describing the coupling of the A (3) and A (6) field to the 5-brane has the following form:
where S M 6 is the 5-brane action (8) + (10) and S D11 (F ) is the part of the duality symmetric action (11) quadratic in F where the field strengths are extended as in eq.
(18). Note also the appearance of a new, the last term in the action (19). This action produces the duality relation between the extended field strengths (18):
In conclusion, we have carried out the coupling of the bosonic sector of D = 11 supergravity action to the membrane and the 5-brane effective action. This coupling also admits an extension to the case when a membrane is ended on a 5-brane [2, 1] . The membrane action (2) then aquires an additional term
required by gauge symmetry conservation at the boundary (δA
At the same time, to preserve the local symmetries (13) of the five-brane action the field strength H (3) should be extended to
, where G (3) satisfies the equation 2) and describes a Dirac membrane inside the five-brane. It is tempting to identify this Dirac membrane with the physical membrane which does not end but penetrates the five-brane.
As discussed in the literature [2, 17] , the action of this kind can be useful for understanding anomalies associated with the presence of the 5-branes in M-theory. Note that an anomaly inflow from the D = 11 bulk runs to the 5-brane along a 6-brane.
As a subject of further study, one may try to analyse the possibility of extending these bosonic actions to locally supersymmetric actions. This problem is general for all superp-branes in supergravity backgrounds and is connected with the following facts. Kappasymmetric and target-space supersymmetric actions for the superbranes are naturally constructed in curved target superspaces. An important point is that κ-symmetry requires background supergravity superfields to satisfy superfield constraints, which (in most of the cases) are equivalent to free supergravity equations without super-p-brane sources. Thus, to make a progress (if any) towards solving the problem of supersymmetric coupling one should either look for a generalization of superfield supergravity constraints which would include super-p-brane currents, or to construct worldvolume actions for the p-branes which would couple only to physical component fields of corresponding supergravity. In the latter case one may hope that the consistency of such actions will require less severe restrictions on the background supergravity fields than κ-symmetry of the superfield actions.
